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MathsWithDan – Differentiation – The Chain Rule 

Starter  

Differentiate: 

1. 𝒚 = 𝟒𝒙𝟑 + 𝒙𝟐 + 𝟓𝒙 + 𝟏  [2 Marks] 

 

 

 

 

 

 

 

2. 𝒚 = (𝟐𝒙 + 𝟏)𝟑  [3 Marks] 
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Composite Functions (2 Marks) 

It is given that 

𝒇(𝒙) = 𝒙𝟑  and  𝒈(𝒙) = 𝒙 + 𝟏 

Find 

𝒇(𝒈(𝒙)).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Challenge 

How would you differentiate 

𝒚 = (𝟐𝒙 + 𝟏)𝟖 ? 
 

Have a think about it before we begin the lesson. 
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The Chain Rule  

Key Idea 

The Chain Rule is used to differentiate composite functions (also known as 
functions of another function). 

A composite function is created when one function is inside another. 

For example: 

(𝟐𝒙 + 𝟏)𝟓,  𝐬𝐢𝐧(𝟑𝒙),  (𝒙𝟐 + 𝟒)𝟕 
 

In each case, there is an outer function and an inner function. 

 

The Chain Rule 

If 

𝒚 = 𝒇(𝒖) 
 

and 

𝒖 = 𝒈(𝒙), 
 

then 

𝒅𝒚

𝒅𝒙
=

𝒅𝒚

𝒅𝒖
×

𝒅𝒖

𝒅𝒙
 

 

where: 

• 
𝒅𝒚

𝒅𝒖
 is the derivative of the outer function.  

• 
𝒅𝒖

𝒅𝒙
 is the derivative of the inner function.  
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Key Steps 

When differentiating using the Chain Rule: 

1. Identify the inner function.  

2. Differentiate the outer function, keeping the inside unchanged.  

3. Multiply by the derivative of the inner function.  

4. Simplify your final answer where appropriate. 
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Worked Example 1 

Given that 𝒚 = (𝟐𝒙𝟑 − 𝟓𝒙)𝟔, find  
𝒅𝒚

𝒅𝒙
  using the Chain Rule. 
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Worked Example 2 

Given that 𝒚 = 𝐜𝐨𝐬𝟒(𝒙), find   
𝒅𝒚

𝒅𝒙
   using the Chain Rule.  
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You can write the Chain Rule using function notation: 

• The Chain Rule enables you to differentiate a function of a function. In 
general,  

o if 𝒚 = (𝒇(𝒙))
𝒏

then 𝒅𝒚

𝒅𝒙
= 𝒏(𝒇(𝒙))

 𝒏−𝟏
𝒇′(𝒙) 

o if 𝒚 = 𝒇(𝒈(𝒙))then 𝒅𝒚

𝒅𝒙
= 𝒇′(𝒈(𝒙)) 𝒈′(𝒙) 
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Worked Example 3 

𝐆𝐢𝐯𝐞𝐧 𝐭𝐡𝐚𝐭 𝒚 = √𝟑𝒙𝟐 + 𝟕, 𝐟𝐢𝐧𝐝 
𝒅𝒚

𝒅𝒙
𝐚𝐭 (𝟐, √𝟏𝟗). 
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Moderate Questions 

a) Differentiate 

𝒚 = (𝟑𝒙 − 𝟐)𝟓 

 

 

 

 

 

 

 

 

 
 

 

b) Differentiate 

𝒚 =
𝟏

 𝟓 − 𝟒𝒙 
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c) Differentiate 

𝒚 = √ 𝟐𝒙 + 𝟗  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

http://www.mathswithdan.com/


 

© MathsWithDan | www.mathswithdan.com  
 

The following particular case of the Chain Rule is useful for differentiating 
functions that are not in the form 𝒚 = 𝒇(𝒙). 

• 
𝒅𝒚

𝒅𝒙
=

𝟏
𝒅𝒙

𝒅𝒚

 

Hint: This is because 

𝒅𝒚

𝒅𝒙
×

𝒅𝒙

𝒅𝒚
=

𝒅𝒚

𝒅𝒚
= 𝟏. 

  

Worked Example 4 

Find the value of  
𝑑𝑦

𝑑𝑥
 at the point (3,1) on the curve with equation 𝑦3 + 2𝑦 = 𝑥. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

http://www.mathswithdan.com/


 

© MathsWithDan | www.mathswithdan.com  
 

  Exam Challenge 

The curve 𝑪has equation 

𝒚 = (𝒙𝟐 − 𝟒)𝟑. 
 

Use calculus to determine the set of values of 𝒙for which the curve is increasing. 

Give your answer in set notation.        (7 marks) 
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      Watch Me Solve It 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       Try it first on the next page and then Scan the QR code to watch the full solution. 
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Use the chain rule to find   
𝑑𝑦

𝑑𝑥
   when 𝑦 = (𝑥3 + 5𝑥)7. [2 marks] 
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FOR MORE MATHSWITHDAN RESOURCES, SCAN THE QR CODES: 

 

 

 

WOW, DONE ALREADY?! THAT WAS QUICK! SEE YOU SOON! 
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  𝒚 = 𝟒   𝒙  𝟑 +   𝒙  𝟐 + 𝟓 𝒙 + 𝟏


  𝒚 =    ( 𝟐 𝒙 + 𝟏 )  𝟑


  𝒇  ( 𝒙 ) =   𝒙  𝟑


  𝒈  ( 𝒙 ) = 𝒙 + 𝟏


  𝒇  ( 𝒈  ( 𝒙 ) ) .


  𝒚 =    ( 𝟐 𝒙 + 𝟏 )  𝟖   ?


     ( 𝟐 𝒙 + 𝟏 )  𝟓 ,   𝐬 𝐢 𝐧 ⁡  ( 𝟑 𝒙 ) ,      (   𝒙  𝟐 + 𝟒 )  𝟕


  𝒚 = 𝒇  ( 𝒖 )


  𝒖 = 𝒈  ( 𝒙 ) ,


     𝒅 𝒚  𝒅 𝒙 =   𝒅 𝒚  𝒅 𝒖 ×   𝒅 𝒖  𝒅 𝒙


    𝒅 𝒚  𝒅 𝒖


    𝒅 𝒖  𝒅 𝒙


  𝒚 =    ( 𝟐   𝒙  𝟑 − 𝟓 𝒙 )  𝟔 ,


    𝒅 𝒚  𝒅 𝒙


  𝒚 =   𝐜 𝐨 𝐬  𝟒  ( 𝒙 )


    𝒅 𝒚  𝒅 𝒙


  𝒚 =    ( 𝒇  ( 𝒙 ) )  𝒏


    𝒅 𝒚  𝒅 𝒙 = 𝒏    ( 𝒇  ( 𝒙 ) )    𝒏 − 𝟏   𝒇 ′  ( 𝒙 )


  𝒚 = 𝒇  ( 𝒈  ( 𝒙 ) )


    𝒅 𝒚  𝒅 𝒙 =   𝒇 ′  ( 𝒈  ( 𝒙 ) )     𝒈 ′  ( 𝒙 )


  𝐆 𝐢 𝐯 𝐞 𝐧   𝐭 𝐡 𝐚 𝐭   𝒚 =  𝟑   𝒙  𝟐 + 𝟕 ,   𝐟 𝐢 𝐧 𝐝     𝒅 𝒚  𝒅 𝒙 𝐚 𝐭   ( 𝟐 ,  𝟏 𝟗 ) .


 


  𝒚 =    ( 𝟑 𝒙 − 𝟐 )  𝟓


  𝒚 =   𝟏    𝟓 − 𝟒 𝒙  


  𝒚 =    𝟐 𝒙 + 𝟗  


  𝒚 = 𝒇  ( 𝒙 )


    𝒅 𝒚  𝒅 𝒙 =   𝟏    𝒅 𝒙  𝒅 𝒚


    𝒅 𝒚  𝒅 𝒙 ×   𝒅 𝒙  𝒅 𝒚 =   𝒅 𝒚  𝒅 𝒚 = 𝟏 .


    d y  d x


  ( 3 , 1 )


    y 3 + 2 y = x


  𝑪


  𝒚 =    (   𝒙  𝟐 − 𝟒 )  𝟑 .


  𝒙


    d y  d x


  y =    (   x 3 + 5 x ) 7

